Given a rational point on a curve in a rational isogeny class, a natural question concerns the field of definition of its pre-images. The multiplication by m endomorphism is a powerful and much-used tool. The pre-images for this map are found by factorizing a monic polynomial of degree m 2 . For m = 2, Everest and King gave examples where the existence of a quadratic factor coincided with the existence of a rational pre-image via a 2-isogeny. Nelson Stephens asked if this always happens and the question is answered in the affirmative. It is also shown that the analogue for m = 3 can only be false when there exists a rational point of order three and a small number of counterexamples are found. The results are proven over any field with characteristic not two or three.
Introduction
Given an elliptic curve E/Q, the set of all curves E ′ isogenous to E over Q is finite (up to isomorphism) and is known as an isogeny class. Vélu's formulae [10] and the Weierstrass parameterization of the elliptic curve can be used to find an isogeny class. This is best illustrated in an algorithm developed by Cremona [2] . He has used his algorithm to produce tables of isogeny classes [3] . For each curve in the class, non-torsion generators of the Mordell-Weil group are also given. Methods which find isogeny classes over an arbitrary field have also been developed [4] . Given a curve in an isogeny class and a point in the Mordell-Weil group, the focus here is on where the pre-images of the point are defined. Definition 1.1. Let K be a field, E/K an elliptic curve, P ∈ E(K) and φ : E ′ → E an isogeny. Suppose that E ′ , φ and a point in φ −1 (P ) are all defined over a finite extension L/K with [L : K] < deg φ. Then P is called maginfied. If L = K then P is called K-magnified.
Suppose that E/Q is an elliptic curve. In [5] Everest, Miller and Stephens showed that if a rational non-torsion point is Q-magnified by φ : E ′ → E then the corresponding elliptic divisibility sequence has only finitely many prime power terms. In [7] it was shown that these finitely many terms correspond to S-integral points on E ′ , where S is given explicitly. By the main result in [6] , the Q-magnified condition can be weakened to magnified when the isogeny is multiplication by two or three. Stephens asked if a non-torsion point is Qmagnified whenever it is magnified by doubling a point. The following theorem resolves this question. Theorem 1.2. Let E be an elliptic curve defined over a field K with char K = 2. If a non-torsion point P ∈ E(K) is magnified by doubling a point then it is Kmagnified.
It should be noted that factorizing a monic quartic polynomial determines whether a point is magnified by doubling a point (see Section 2). This polynomial depends only on the point and the coefficients of a Weierstrass equation for E. For multiplication by three the conclusion has to be weakened. Theorem 1.3. Let E be an elliptic curve defined over a field K with char K = 2, 3. If a non-torsion point P ∈ E(K) is magnified by tripling a point then either it is K-magnified or E has a non-trivial K-rational 3-torsion point. Table 1 are curves having a non-torsion rational point which is magnified by tripling a point but not Q-magnified. They were found using PARI/GP [9] and in Section 3 it is explained that such examples are rare. Proof of Theorem 1.3. We may assume that δ P 3 has an irreducible factor f of degree 3. Let r 1 , r 2 , r 3 be the zeros of f and let R 1 , R 2 , R 3 be the corresponding solutions to 3R = P . Then the splitting field L of f is K(r 1 , √ D), where D is the discriminant of f . Moreover, Gal(L/K) is isomorphic to A 3 or S 3 . Let α = (1, 2, 3) be the generator of Gal(L/K( √ D)) and put T = α(R 1 ) − R 1 . Suppose that E does not have a non-trivial K-rational 3-torsion point. Any permutation preserves
Listed in
Using Vélu's formulae [10] , we can construct an elliptic curve E ′ /K and a 3-
Computations
Examples where δ P 3 factorizes (over K) but P is not K-magnified are relatively hard to find. Let K = Q. The first 12 of Cremona's "generators" tables from [3] were considered. There are 22, 962 pairs (E, P ) such that δ P 3 factorizes (over Q). In all but 14 of these pairs P is Q-magnified by a 3-isogeny, which can be constructed using Vélu's formulae [10] and a rational zero of ψ 3 . The 14 counterexamples found are listed in Table 1 . They are given in the same format as Cremona uses, where N is the conductor, C is the isogeny class and # is the number of the curve in the class. Each curve listed has rank 1 and P is taken to be the generator which Cremona gives. Moreover, they each lie in an isogeny class of size two. Let Q be a generator for the other curve. Denote byĥ the canonical height (see [8] ). If P is Q-magnified by a d-isogeny then it is the image of mQ + T , for some non-zero integer m and torsion point T . This implies dm 2ĥ (Q) =ĥ(P ). But in fact,ĥ(Q) = 3ĥ(P ). Thus P is not Q-magnified.
It is worth noting that for all of the pairs (E, P ) considered and for all odd primes l ≤ 7, if δ P l factorizes (over Q) then ψ l has a factor of degree at most (l − 1)/2.
